We consider the 'universal monodrimy operators' for the Baxter Q-operators. They are given as images of the universal R-matrix in oscillator representation. We find related universal factorization formulas in U q (ŝl(2)) case.
Introduction
The Baxter Q-operators were introduced by Baxter [1] , and are considered to be one of the most powerful tools in quantum integrable systems. The T-operators (transfer matrices) are expressed in terms of Q-operators. Thus Q-operators are fundamental objects.
In particular, Bazhanov, Lukyanov and Zamolodchikov defined Q-operators as the partial trace of the universal R-matrix over some q-oscillator representations of the Borel subalgebra of a quantum affine algebra [2] . This 'q-oscillator construction' of the Qoperators was developed and generalized for higher rank algebras, superalgebras and so forth ( [3, 4, 5, 6, 7] and references therein). It is known that the q-oscillator representations for the Q-operators are given as limits of some representations of the Borel subalgebra of quantum affine algebra. Recently, a systematic account on this from the point of view of the representation theory was given and used in [8] .
The T and Q-operators are given as the traces of (product of) the L-operators, which are images of the universal R-matrix. In particular, L-operators for (infinite dimensional) Verma modules of the quantum affine algebra (or the Yangian) factorize with respect to 'L-operators for the Q-operators'. Examples for such factorization formulas were given by a number of authors ( [9, 10] and references therein). In this paper, we reconsider this phenomenon in relation to properties of the universal R-matrix and obtain a universal factorization formula, which is independent of the quantum space. Throughout this paper, we use presentations of the universal R-matrix from [12, 13] . We remark that a detailed explanation on the evaluation of the universal R-matrix related to Q-operators, which might be omitted or missing in earlier papers, can be found in a recent series of papers [6] .
2 Quantum algebras
The quantum affine algebra U q (ŝl (2) ) is a Hopf algebra generated by the generators e i , f i , h i , d, where i ∈ {0, 1}. We introduce the q-commutator
. For i, j ∈ {0, 1}, the defining relations of the algebra U q (ŝl (2) ) are given by
where (a ij ) 0≤i,j≤1 is the Cartan matrix
We use the following co-product ∆ :
We will also use an opposite co-product defined by
We always assume zero value of the central element h 0 + h 1 . Anti-pode, co-unit and grading element d are not used in this paper. The Borel subalgebra B + (resp. B − ) is generated by e i , h i (resp. f i , h i ), where i ∈ {0, 1}. For complex numbers c i ∈ C which obey the relation 1 i=0 c i = 0, the transformation
determines the shift automorphism τ c 1 of B + (or of B − ). Here we omit the unit element multiplied by the above complex numbers.
There exists a unique element [11, 12] R in a completion of B + ⊗B − called the universal R-matrix which satisfies the following relations
is a corollary of these relations (2.5). The universal R-matrix can be written in the form
Here R is the reduced universal R-matrix, which is a series in e j ⊗ 1 and 1 ⊗ f j and does not contain Cartan elements (to denote this symbolically, we will use a notation
. Thus the reduced universal R-matrix is unchanged under the shift automorphism τ c 1 of B + , see (2.4), while the prefactor K is shifted as
The algebra U q (sl (2)) is generated by the elements E, F, H. The defining relations are
The following elements are central in U q (sl(2)):
Due to the relations (2.9), C (r) = C (l) holds. There is an evaluation map ev x : U q (ŝl(2)) → U q (sl(2)):
where x ∈ C * is a spectral parameter. Let π + µ be the Verma module over U q (sl(2)) with the highest weight µ. In a basis {v n |n ∈ Z ≥0 }, we have
For µ ∈ Z ≥0 , the module π + µ contains an invariant subspace isomorphic to π + −µ−2 , and the qutient space π + µ /π + −µ−2 is isomorphic to the finite dimensional irreducible module π µ with the highest weight µ. In particular, π 1 (E) = E 12 , π 1 (F ) = E 21 and π 1 (H) = E 11 − E 22 gives the fundamental representation of U q (sl(2)), where E ij is a 2 × 2 matrix unit whose
Then the compositions π (2)).
q-oscillator algebras
We introduce two kinds of oscillator algebras Osc i (i = 1, 2). They are generated by the elements h i , e i , f i which are subject to the relations:
(2.14)
Note that Osc 1 and Osc 2 can be swapped by the transformation q → q −1 . One can derive the following corollaries of (2.13) and (2.14):
Relations (2.15) are nothing but contractions 1 of the commutation relation (2.9). On the other hand, the relations (2.16) are conditions that central elements take constant values. The following limits of the generators of U q (sl(2)) for the Verma module π 
0 , and the vector space of W 2 is generated by vectors v
0 , so that
n−1 .
1 Contractions of a quantum algebra and its relation to a q-oscillator algebra was discussed in [14] .
L-operators
In the following we denote λ = q − q −1 . We set
We have
and φ(x) solves the relation (3.2), so that φ(x)φ(q
as the following limits of homomorphic images of L(x):
where the limits (2.17) and (2.18) are applied 2 correspondingly to (3.1). The latter Loperators can be also presented as homomorphic images of the universal R-matrix under the homomorphisms ρ (i)
x : B + → Osc i defined by the relations
(3.5)
Namely we have the relations
x ⊗ π 1 (1))R, where
The L-operators (3.3) and (3.4) are given by some contraction 3 of the original L-operator (3.1) with respect to the Cartan part (diagonal elements). We will also use notations
2 The factor q
came from (2.8) for c 1 = −µ. 3 A preliminary form of such contraction was previously discussed in [15] and developed in [16, 7] . 4 We find that A (2) (x) contains an infinite product of q-exponentials, while A (1) (x) contains only finite (two) for the non-Cartan part.
Representations of B + and the factorization formula
In this section, we reconsider the q-oscillator representations of B + introduced in [2] (see also a detailed explanation in [4] ), and give a factorization formula of the L-operator. We will use the co-product in [13, 12] rather than the one in [2] . We will repeatedly use formulas in Appendix B.
Denote by W i (x) the pullbacks of basic highest weight representations of the oscillator algebras by means of the homomorphisms ρ (i)
where we introduce notations
The action of the generators of B + on this vectors is as follows:
Here we see a filtration by m, with quotients isomorphic to evaluation Verma modules π
which realize the Verma module π + µ on the basis {v (1) n |n ∈ Z ≥0 }. In particular, E 1 , F 1 and H 1 satisfy U q (sl(2)) relations (2.9). We also set E 2 = e 2 , H 2 = h 2 − µ. Then, the above relations (4.1) on vectors v
m can be rewritten as the following identities on operators in
where we set O = exp q −2 (λe 1 ⊗ f 2 ). This should be interpreted as
for a ∈ B + , where we introduced the evaluation maps of B + into two algebras, which may be regarded as certain quotients of U q (sl(2)):
x (e 0 ) = F 1 , ev
x (e 1 ) = xE 1 , ev
(1)
x (e 0 ) = 0, ev
x (e 1 ) = xE 2 , ev
Let us evaluate the universal R-matrix (
On the other hand, taking note on (4.4), we obtain
Combining (4.7) and (4.8), we obtain the factorization formula
Note that the co-product of the universal R-matrix has the form (
. Then we obtain
, (4.10)
where we used an explicit form of the universal R-matrix [12, 13] . The universal Rmatrix is an infinite product of q-exponentials. However, only one of them is non-trivial in this case since the image of the generator e 0 is 0. From (4.9), we arrive at the universal factorization formula in B + , which is independent on the quantum space (a representation of B − .
Theorem 4.1.
In the right hand side, the first factor says that we have an evaluation Verma module with highest weight µ, the second factor says that we have a filtration indexed by the powers of e 2 and the third factor says that in each quotient of the filtration the evaluation Verma module is given with a shift automorphism τ −µ of B + . A similar factorization will also occur for B − (see Appendix A). Let us evaluate the quantum space (the third space) of (4.11) to the fundamental evaluation representation π 1 (1) of
Then we obtain the following factorization formula for the L-operators (3.1) for π + µ , (3.3) and (3.4).
Here we use the identity
A factorization formula for the rational case (q = 1), which is similar to (4.12), was given in [10] .
Baxter Q-operators
In this section, we define T and Q-operators, and mention a factorization formula for the T-operators. We will use a convention of [7] (or [5] ). We define the universal boundary transformation as
The commutativity (D ⊗ D)R = R(D ⊗ D) follows from (2.2). It implies the YB relation for the modified R-matrix R(D ⊗ 1). We define the universal T-operator for the Verma module as
where
We also define the universal Q-operators as
where we introduce normalization operators
Let us apply (4.4) for D, multiply this by (4.11) and take the trace over the first and the second space. Then taking note on the definitions (5.2) and (5.4), we arrive at the factorization formula on the T-operator.
is the character of the Verma module π + µ . Thus the T-operator is the Baxterization of the character by the Baxter Q-operators in the sense of [17, 7] .
Appendix A: various factorization formulas
x (h 0 ) = −H 1 , ev
Then we find that (4.4) also 5 hold true for any a ∈ B − under (A1)-(A3). From a similar argument on B + case, we arrive at the universal factorization formula on B − .
The opposite case W 2 (xq
These generators with tilde can be obtained from the ones without tilde by µ → −µ. Let us introduce extended evaluation maps
x (e 1 ) = 0,ẽv
x (e 1 ) = xẼ 2 ,ẽv
Then we obtain
Let us evaluate the universal R-matrix (∆ ⊗ 1)R = R 13 R 23 on W 2 (xq −µ ) ⊗ W 1 (xq µ ) ⊗ 1. From (A11), we arrive at the universal factorization formula on
Factorization on both B + and B −
We expect the following factorization formula with respect to four kinds of images of the universal R-matrix:
However, this does not mean that the maps (A3) can be extended to the whole algebra U q (ŝl(2)).
They are regarded as maps from contracted algebras on U q (ŝl (2)) (cf. [7] ).
= (ev
(1) 
where ev (2) y is defined by (A2) replacing (µ, x) with (ν, y).
Appendix B: q-analogue of H'Adamar formula
Here we mention formulas derived from the H'Adamar identity [18] exp q (A)B exp 
where α ∈ C, (a; q) ∞ = ∞ k=0 (1 − aq k ). From the last two identities, one can derive the following relations.
One can calculate the inverse of (B2). 
